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Dynamic nuclear polarization (DNP) of molecules in a solution at room temperature has potential
to revolutionize nuclear magnetic resonance spectroscopy and imaging. The prevalent methods for
achieving DNP in solutions are typically most effective in the regime of small interaction correlation
times between the electron and nuclear spins, limiting the size of accessible molecules. To solve
this limitation, we design a mechanism for DNP in the liquid phase that is applicable for large
interaction correlation times. Importantly, while this mechanism makes use of a resonance condition
similar to solid-state DNP, the polarization transfer is robust to a relatively large detuning from
the resonance due to molecular motion. We combine this scheme with optically polarized nitrogen
vacancy (NV) center spins in nanodiamonds to design a setup that employs optical pumping and is
therefore not limited by room temperature electron thermal polarisation. We illustrate numerically
the effectiveness of the model in a flow cell containing nanodiamonds immobilized in a hydrogel,
polarising flowing water molecules 4700-fold above thermal polarisation in a magnetic field of 0.35
T, in volumes detectable by current NMR scanners.
PACS numbers:
Introduction: Nuclear spin hyperpolarization, i.e. a
population difference between the nuclear spin states that
exceeds significantly the thermal equilibrium value, is a
key emerging method for increasing the sensitivity of nu-
clear magnetic resonance (NMR) [1, 2] which is propor-
tional to the sample polarisation. By enhancing the mag-
netic resonance signals by several orders of magnitude, a
wide range of novel applications in biomedical sciences
are made possible, such as metabolic MR imaging [3] or
characterization of molecular chemical composition [4, 5].
Dynamic nuclear polarization (DNP), by which electron
spin polarization is transferred to nuclear spins, is one
of the promising methods to reach such a large enhance-
ment of the signal. Nuclear spin hyperpolarization, i.e.
a population difference between the nuclear spin states
that exceeds significantly the thermal equilibrium value,
is a key emerging method for increasing the sensitivity of
nuclear magnetic resonance (NMR) [1, 2] which is pro-
portional to the sample polarisation. By enhancing the
magnetic resonance signals by several orders of magni-
tude, a wide range of novel applications in biomedical
sciences are made possible, such as metabolic MR imag-
ing [3] or characterization of molecular chemical compo-
sition [4, 5]. Dynamic nuclear polarization (DNP), by
which strong electron spin polarization is transferred to
nuclear spins, is one of the promising methods to reach
such a large enhancement of the signal. Over the past
decades, one of the outstanding challenges is the hyper-
polarization of molecules in a solution [6–12]. In typical
solutions, resonance-based polarization mechanisms com-
monly used in solid-state systems [13, 14] are not effective
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FIG. 1: (a) Schematics of the setup for polarisation of nu-
clear spin in solution via NV centers in nanodiamonds. Wa-
ter is pumped into a channel containing a hydrogel cell with
the immobilized nanodiamonds for continuous DNP polarisa-
tion. Laser illumination is used for polarising the NV spins
and WM irradiation facilitates the transfer to nuclear spins in
surrounding molecules. The hyperpolarized water then flows
downstream for NMR detection. A permanent magnetic field
B is applied along the z-axis, which defines the coordinate
system. (b) Illustration of the model parameters.
due to the averaging of the electron-nuclear anisotropic
interaction of the molecules by their rapid motion. Thus,
cross-relaxation mechanisms such as the Overhauser ef-
fect [7, 11, 12] are typically applied to realise polar-
ization of fluids under ambient conditions. So far, the
largest hyperpolarization is achieved for fast diffusing
small molecules and is severely limited by the low ther-
mal electron polarization in moderate magnetic fields.
For example, for TEMPO, trityl or biradical systems, the
electron spin polarisation amounts to only 0.08% percent
for a magnetic field of B = 0.36 T [8, 9].
In this work, we demonstrate that the use of opti-
2cally hyperpolarized electron spins offers an exciting pos-
sibility for overcoming the limitation on the degree and
rate of electron polarization. Specifically, nitrogen va-
cancy (NV) centers in nanodiamonds make an excellent
candidate as optically pumped hyperpolarisation agents.
The unique optical properties of the negatively charged
nitrogen-vacancy center in nanodiamonds allow for over
90% electron spin polarization to be achieved in less than
a microsecond by optical pumping [15] while exhibiting
a relaxation time in the millisecond range even at room
temperature [16]. Methods for the creation of high polar-
ization in 13C nuclear spins inside of bulk diamond have
already been developed theoretically and demonstrated
experimentally [17–23].
However, for NV centers the interaction correlation
time τc with nuclear spins in surrounding molecules is
atypically large, as τc scales with the square of the mini-
mum distance with the nuclear spins, which is very large
(a few nanometers) for NV centers in nanodiamonds.
Thus, NV centers cannot typically be used with standard
Overhauser cross-relaxation protocols. Here, we present
a new theoretical framework for polarizing molecules for
systems with a large correlation time. Specifically, we
apply resonance-based schemes, such as the solid effect,
where under continuous microwave (MW) radiation the
electron spin is driven to approach resonance with the
nuclear spin of choice. Importantly, we will proceed to
demonstrate that this scheme remains robust even in the
presence of molecular motion and, unlike solid-state po-
larization methods, is tolerant to a relative large detuning
from the resonance frequency.
We then proceed to consider a specific setup that al-
lows to realise this protocol, where the nanodiamonds are
immobilized in a hydrogel inside a flow channel, increas-
ing τc, as well as limiting the nuclear spin relaxation due
to electron spins to the polarization region. Due to the
optical NV polarization, and the efficiency of our scheme
in the large τc regime, a very high nuclear spin polariza-
tion is achieved for volumes that are detectable in current
NMR scanners.
Spin polarisation via resonance-inclined transfer
(SPRINT) – We consider the polarization transfer in-
duced by magnetic dipole-dipole coupling between an
electron spin and all the surrounding solvent spins. Sup-
pose as shown in Fig. 1(a) that the electron spin is lo-
cated in the center of a nanoparticle, assuming the ra-
dius of the small solvent molecule to be negligible, the
distance of closest approach of the electron and nuclear
spins, b, coincides with the radius of the nanoparticle.
All the solvent molecules are diffusing in a solution with
the translational diffusion coefficient DT . The interac-
tion between electron and solvent spins evolves in time
with a characteristic correlation time τc = b
2/DT . c and
ρ in Fig. 1(b) are related to absorbing boundary and
off-center effect, respectively, which are negligible in our
case, see supplementary information (SI) [24].
In resonance-based DNP schemes, continuous MW ra-
diation is applied to the electron spin [13, 14], thus cre-
ating an “effective frequency” of the electron spin ωE in
the rotating frame. When the energy difference between
the effective frequency and the Larmor frequency ωS of a
specific nuclear spin species vanishes (ω0 = ωE−ωS → 0)
a Hartmann-Hahn (H-H) resonance is achieved [25]) and
energy-conserving flip-flop transitions can occur between
the electron and nuclear spins. Energy non-conserving
flip-flip transitions are suppressed due to large energy
mismatch compared with the effective coupling between
the electron and nuclear spin (ω2 = ωE + ωS ≫ g). This
difference between the flip-flop and flip-flip transitions
leads to a net polarization transfer from electron spins to
nuclear spins [24, 26].
However, in the liquid phase, due to fast molecular dif-
fusion, the nuclear spins interact with the electron spin
within a finite correlation time τc. Perturbatively, we
calculate the transition probabilities Wi (i = 0, 2) of the
flip-flop transition rate W0 = α0J(ω0) and flip-flip tran-
sition rate W2 = α0J(ω2), in which the spectral density
function is given by [24, 27, 28],
J(ω) = ΓRe
[ 1 + √iξ4
1 +
√
iξ +
4(
√
iξ)2
9 +
(
√
iξ)3
9
]
(1)
where ξ = ωτc with ω the relevant energy frequency (e.g.
ω0 or ω2). α0 is a constant involving the nuclear prop-
erties of the interacting system. Γ is the coefficient de-
termined by system parameters, such as minimum dis-
tance between the electron and solvent spins, dipole-
dipole coupling strength and translational diffusion coef-
ficient etc (see the SI [24] for details). In simple solvents
of low viscosity such as protons in free water molecules
DT = Dw = 2 × 10−9 m2/s [29] and for a minimal dis-
tance of the electron and solvent spins of b = 0.5 nm we
find τc = b
2/DT ∼ 0.1 ns. Then ξ ≪ 1 is always satis-
fied for weak and moderate magnetic fields (i.e. B < 1
T) resulting in ωS = (2π)16 MHz for B = 0.36 T as
shown by the blue dashed line in Fig. 2(a). Applying
a MW driving fulfilling ωE = ωS will lead to no appre-
ciable difference between flip-flip and flip-flop effects, as
J (ω2) ∼= J (ω0) ∼= J(0) in general. This indifference
of the transition rates to the energy mismatch is the
main reason why resonance-based polarization schemes
are not applicable to solutions with small τc. However,
larger interaction correlation times achieved by increas-
ing the distance b = 5 nm and decreasing the diffusion
coefficient DT = 10Dw to induce τc = 100 ns, as shown
in the purple dotted line in Fig. 2(a)), demonstrate a
clear incline of net polariation towards resonance con-
dition. Using the same parameters discussed above, we
now obtain J(ω0) = J(0) ∼ 1 and J(ω2) ∼ 0. Therefore,
it is possible to achieve a polarization transfer in solu-
tion with large τc by matching a H-H resonant condition.
It is interesting to note that the relationship between
our scheme and standard Overhauser cross-polarisation is
similar to the sideband resolved regime and the Doppler
(unresolved) regime in laser cooling of cold trapped ions
(see SI [24]). This results in a more efficient polarisation
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FIG. 2: (a) Spectra density function J(ω) as a function of frequency ω and interaction correlation time τc . The blue dashed,
red solid, and purple dotted lines correspond to τc = 0.1 ns, 10 ns and 100 ns respectively. (b) The steady-state polarization
of the nuclear spins. ωS = (2π)16 MHz, ǫ0 = Ω = (2π)8
√
2 MHz, and ∆′ = ǫ(θ)− ǫ0 is the detuning from the resonance point.
transfer, which enables DNP via more distant electron
spins, and with a weaker dipolar coupling to the nuclear
spins.
The steady state populations in the different nuclear
spin states and the resulting polarization can then be
determined from a detailed balance analysis. We find
(we ignore here relaxation times, see SI [24] for a more
detailed treatment)
Ps = − J(ω0)− J(ω2)
J(ω0) + C0J(ωS) + J(ω2)
, (2)
in which C0 = 2 cotϕ with cotϕ = ǫ/Ω depending
on the Rabi frequency of the MW radiation Ω and de-
tuning of the MW field from the electron energy scale
ǫ. Here we assume that the electron spin is continu-
ously pumped into a polarized state. Fig. 2(b) shows
the dependence of the achieved steady-state polariza-
tion on the detuning from the resonance condition and
correlation time. As we are using the solid effect, we
tune the MW field to achieve resonant interaction as
ωS =
√
ǫ2 +Ω2 = ωE = (2π)16 MHz (see SI [24]), where
we have chosen ǫ = Ω = (2π)8
√
2 MHz. As shown in Fig.
2 (a), for a large correlation time satisfying τc > 10 ns,
different rates between the flip-flop and flip-flip transi-
tions induce a high steady-state polarization, quite simi-
lar to solid-state mechanisms. However, contrary to the
solid-state phase, we can see that high steady-state po-
larization is achieved for a wide range of detuning from
the resonance, as shown in Fig. 2(b). For example, for
τc = 100 ns, we observe a high steady-state polarization
for a detuning as large as ∆′ ∼ (2π)10 MHz. This is
a unique characteristic of our theory in the liquid phase
and different from the solid-phase in which polarization
transfer only occurs when the detuning is comparable or
smaller than the effective collective flip-flop coupling be-
tween the electron spin and nuclear spins [17, 23]. Thus,
this polarization by cross-relaxation requires an inclina-
tion towards resonance, but the resonance condition does
not have to be matched exactly.
Optical SPRINT with nanodiamonds– To model the
dynamics of nuclear spin polarization transfer from NV
centers in nanodiamonds to the protons in water, we con-
sider a setup of Fig. 1(a). The solvent spins of the target
molecules are pumped through a flow cell containing a
hyperpolarization region in which nanodiamonds are im-
mobilized in a hydrogel layer (see Fig. 1), causing a dipo-
lar magnetic interaction between the NV spins and their
surrounding solvent spins with a characteristic correla-
tion time τc. Here the electron spins of the NV centers
will be strongly polarized by optical pumping and the hy-
drogel provides a method for increasing the correlation
time by reducing the diffusion rate of water molecules by
a factor of 102 − 103 via controlling the mesh sizes and
types of hydrogels [30].
A DC magnetic field B ∼= 0.36 T whose direction de-
fines the z-axis of the laboratory frame is applied to the
system. We assume γeB ≫ D where γeB denotes the
NV centre Larmor frequency and D its zero-field split-
ting. As discussed in Ref. [17], in this regime the quanti-
sation axis of all NV centres is along the magnetic field
direction, and the orientation of the symmetry axis of the
NV center relative to the external magnetic field is uni-
formly distributed over the unit sphere. Here θ denotes
the angle between the NV center symmetry axis and the
magnetic field axis. The random orientations of the NV
centers causes two difficulties for the polarization transfer
from the NV spin to the nuclear spins. First, high optical
polarization of the NV center spins is only achieved for
the NV orientation near θ = 0◦ and θ = 90◦ by using
532 nm green laser illumination and, secondly, there’s a
variation of the energy splitting with θ (see SI [24]).
The rate of the polarization transfer is given by W =
W0 −W2 = α0(J(ω0)− J(ω2)) [24]. Assuming the mag-
netic field is given by B = 0.36 T, ωS = (2π)16 MHz,
for utilizing the effect of resonance in the current setup,
we tune the MW frequency to achieve resonant interac-
tion for θ = 90◦, and ε0 = ε(90◦) = Ω = (2π)8
√
2 MHz
for matching a H-H resonance. Due to the strong de-
pendence of the energy splitting between the spin levels
on θ, for each NV spin with a specific ǫ(θ), there is a
detuning from resonance which leads to ∆′ in Fig. 2(b).
The reason that we focus here on the near resonant case
around θ = 90◦ can be found in the observation that the
4same detuning leads to more NV spins to be involved in
the θ = 90◦ case as compared to the θ = 0◦ case (e.g.
∆′ < (2π)10 MHz involves 5% NV spins in nanodiamonds
in the former as compared to just 0.1% NV spins for the
latter [17]. We estimate the efficiency of our scheme by
calculating the average polarization rate of the solvent
spins W eff = S
−1 ∫
SWPC cosϕdS, in which PC cosϕ
is the initial polarization of the corresponding NV spin
according to the solid effect polarization mechanism [14]
and S is the solid angle covered.
Consider continuous optical pumping as well as optical
initialization of the NV spins for θ = 90◦, where PC ≃
0.52 = 0.25. The dependence of the average polarization
rate of the solvent spins for nanodiamonds of b = 5nm
radius on the ratio of the decreased translational diffusion
k is shown in Fig. 3. Slow translational diffusion of
the solvent molecules affects the polarization transfer in
two competing ways: (i) increasing the correlation time
to enhance the polarization transfer and (ii) decreasing
the number of the involved NV spins contributing to the
polarization transfer (as slower diffusion leads to smaller
accessible detuning from resonance for our scheme). Fig.
3 predicts that the former will dominate (as expected,
since the first effect is linear and the second sub-linear).
Thus, a fast polarization transfer can be achieved via a
decrease of the diffusion rate. For example, when the size
of the nanodiamond is b = 5 nm, W eff ≈ 0.04 ms−1 for
k = 1 and W eff ≈ 1.4 ms−1 for k = 100.
The proposed setup is feasible with current experimen-
tal technology. Over the past decade, several experiments
have realised polarization of flowing solvents by immobi-
lized electron spins such as TEMPO and radicals in hy-
drogel layers [8–10] for B ≃ 0.35 T. Furthermore, it has
been demonstrated that one can use functional groups on
the diamond surface to replace these radicals with nan-
odiamonds in the hydrogel [31, 32]. The nanodiamonds
are immobilized in the hydrogel and it is not necessary to
consider rotational diffusion. While the implementations
employing either radicals or nanodiamonds are similar in
spirit, it is crucial that the transparency of the hydro-
gel allows for the optical polarization of nanodiamonds
which has the potential to lead to a 300-fold increase of
the achievable nuclear polarisation over the implementa-
tions using radicals.
To estimate the total polarization of the solvent spins,
we use an approximate formula for the steady state bulk
nuclear spin polarization of the solvent neglecting polar-
ization diffusion,
Plim ≈ Ne
Np
W effTp. (3)
Here NeNp is the ratio of the number of the NV spins to pro-
ton spins in the polarization region (see SI [24]), and Tp
is the smaller one of the times that the solvent contacting
time with the hydrogel matrix or the solvent relaxation
time. Suppose the flow channel is composed of a tube of
a diameter of 1 mm, the size of the hydrogel layer is 1
mm and the resulting volume is filled with nanodiamonds
of 10nm diameter such that they account for 12% of the
total volume. Assuming k = 100, we choose the flow rate
such that a molecule of water passes through the hydrogel
layer in 1 second, so that Tp ∼ T1 ∼ 1s, namely v = 10−3
m/s (this low flow rate is easily produced via commer-
cial pumps, and negligibly affects the molecular dynamics
within τc). Given the density of protons in free water
200
3
nm−3, we obtain Ne/Np ∼ 4 × 10−6, W eff ≈ 1.4 ms−1,
Tp ≈ 1 s to arrive at a polarisation of Plim ≈ 0.6% for the
solution. This polarization, achieved for a volume of 1µl
in 1s is roughly 4700 times the thermal polarization and
would already suffice for detection in a commercial NMR
scanner. It is interesting to note that a recently proposed
setup for polarization of fluids in a microfluidic diamond
channel achieves similar degree of polarization, but due
to the limitations on the microfluidic channel size in the
proposed protocol, it requires over 1000 parallel channels
for polarizing 1µl of solvent within 1 second [33].
The volume of optimally polarized fluid that can be
generated per unit time in a flow channel largely de-
pends on the thickness of the hydrogel layer, as faster
flow velocities for thicker layers are easily accessible (to
maintain Tp ∼ T1). One of the limitation in our setup is
the laser intensity required to optically polarize the NV
centre spins within 10-100 µs. Experiments performed in
bulk diamond have shown that typically available lasers
are sufficient for efficiently polarizing NV centers in 1
mm3 volume, though optical absorption by the NV cen-
ters would limit the efficient optical polarization for > 1
mm thickness. Furthermore, due to the small nanodia-
mond radius, Mie scattering does not limit the optical
penetration depth in the 1 mm volume for the nanodia-
mond concentration in the proposed setup [24], and con-
sider a flow rate of 1mm/s, the temperature increases
due to heating is expected to be limited to only a few
degrees. A more stringent limitation on the channel di-
ameter comes from the microwave attenuation. 1 mm
diameter capillaries are typically used for solutions due
to the microwave absorption by water, which limits the
microwave power for larger channels [6]. Another impor-
tant factor for the polarization transfer is the relaxation
time T1 of the protons in the hydrogel layer, as discussed
in Ref. [30], this would depend on the material and mesh
size of the gel, but can be assumed to be 0.3-2s.
While we have demonstrated theoretically that our
setup in combination with SPRINT can achieve signif-
icant hyperpolarization of water, we would like to stress
that a wide variety of molecules can be polarized with
the same methodology, including those with nuclear spin
species different from hydrogen. Of particular interest
here are 13C nuclear spins for example in 13C pyruvic
acid or 13C glucose which have applications in biomedi-
cal imaging and can be polarized via the same setup. The
decrease in polarization rate due to the fact that the gy-
romagnetic ratio of carbon is four times smaller than that
of protons is typically offset by the longer nuclear spin re-
laxation time. Larger molecules could also potentially be
5FIG. 3: The averaged polarization rate of the solvent spins
W eff . b = 5 nm ND radius was assumed. k = Dw/DT with
Dw = 2× 10−9 m2/s the diffusion coefficient in free water at
room temperature andDT is the decreased translational diffu-
sion coefficient. The percent of involved NV spins accounting
for 90% of the polarization transfer is given for three different
points.
polarized in our setup, especially as the interaction cor-
relation time with these molecules is naturally longer. In
this scenario the properties of the hydrogel would have to
be tuned to avoid a dramatic reduction of the molecules’
diffusion coefficient.
SPRINT can potentially be very effective for non-
optical DNP systems, not involving nanodiamonds, for
example for DNP in high magnetic fields and/or with
biomacromolecules (e.g. proteins). In these systems,
if the interaction correlation time between the polariz-
ing electron (e.g. in a radical) and the molecule can be
increased, it would be relatively straightforward to ap-
ply our scheme. We anticipate that with minor modifi-
cations, resonance-inclined transfer could be applied in
combination with other solid-phase schemes such as the
cross effect.
Conclusion – We developed SPRINT, a resonance-
inclined mechanism for the polarization of nuclear spins
for large interaction correlation times in a solution. Im-
portantly, this is a complementary method to the Over-
hauser effect which is most efficient in the extreme nar-
rowing regime. Due to molecular motion, our scheme is
tolerant to a relatively large deviation from the resonant
frequency. Furthermore, we propose a polarization setup
using NV centres in nanodiamonds held in a hydrogel
inside a flow cell which combines the advantages of this
scheme with optical electron polarization. Under realis-
tic experimental conditions, a polarization enhancment
of 4700 times is observed. Finally, we predict that our
resonance-inclined scheme could be used in a wide variety
of DNP realizations, especially with biomacromolecules
or in large magnetic fields.
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6Supplementary Information to the manuscript
“Resonance-inclined optical nuclear spin polarization of liquids in diamond structures”
A. Mechanism
1. Basic Hamiltonian
For illustration of the basic idea, let us first consider a general system that is composed of an immobilized electron
spin 1/2 (notice that the NV spin S = 1 could be simplified to be a two-level system which we will discuss later) and
all its nearby diffusing solvent spins I = 1/2. The Hamiltonian for such a system is then
H = ω0sσz + 2Ω(cosωdrt)σx +
Np∑
n=0
γnBI
n
z +
Np∑
n=0
gn
[
~σ ~In − 3(~σ · ~enr)( ~In · ~enr)
]
, (S1)
in which ω0s represents the Zeeman splitting of the electron spin and the last term is the magnetic dipole-dipole
interaction between the electron and nuclear spin. The length dependant factor gn and orientation of the inter-spin
vector ~enr is modulated by the translational diffusion coefficient DT , the rotational diffusion coefficient of the electron
spin is not considered due to its immobilization in our setup. ωdr is the driving microwave field of frequency, Ω is
the Rabi frequency and γn are the nuclear gyromagnetic ratio. Assuming a point-dipole interaction, neglecting the
contact term and moving to a frame rotating with the drive frequency, we obtain
H ′ = ǫσz +Ωσx +
Np∑
n=0
(σz ·An · ~In + γnBInz ), (S2)
where ǫ = ω0s − ωdr, An = gn
√
1 + 3(eznr)
2~hn = An~hn is the hyperfine interaction tensor for the nuclear spin, with
gn =
µ0
4pi
γeγn
r3n
with rn = | ~rn| denoting the distance from electron spin to a nuclear spin. ~hn determined by ~enr:
hxn = 3e
x
nre
z
nr/
√
1 + 3(eznr)
2, hyn = 3e
y
nre
z
nr/
√
1 + 3(eznr)
2, and hzn = (3(e
z
nr)
2 − 1)/
√
1 + 3(eznr)
2. We also define
eznr = cos θ
′
n, e
x
r = sin θ
′
n cosϕ
′
n and e
z
nr = sin θ
′
n sinϕ
′
n. By redefining the parameters we get:
HB = ωEσz˜ +
Np∑
n=0
[ωSI
n
z′ + (σx˜ sinϕ+ σz˜ cosϕ) · (ax′nInx′ + az′nInz′ )], (S3)
in which ωS = γnB, the angle ϕ and ωE are determined by
sinϕ =
Ω√
ǫ2 +Ω2
, ωE =
√
ǫ2 +Ω2, ωEσz˜ = Ωσz + ǫσx
with ax′n = 3g cos θ
′
n sin θ
′
ne
iφ′n and az′ = g(3 cos
2 θ′n − 1)/r3n in which g = µ0h¯γeγn4pi . Note that we consider the regime
where the electron frequency ω0s is large enough to fulfill ω0sτc > 1, i.e. outside the so-called “extreme-narrowing”
limit. This condition allows us to disregard fast-oscillating terms when applying the MW driving.
We can rewrite the Hamiltonian as
H ′B = ωEσz˜ +
Np∑
n=0
ωSI
n
z′ + (σx˜ sinϕ+ σz˜ cosϕ) · [3g
√
8π
15
Y 12 (θ
′
n, φ
′
n)I
n
x′ + g
√
16π
5
Y 02 (θ
′
n, φ
′
n)I
n
z′ ], (S4)
with the spherical harmonics Y 12 (θ
′
n, φ
′
n) = − 12
√
15
2pi cos θ
′
n sin θ
′
ne
iφ′n and Y 02 (θ
′
n, φ
′
n) =
1
4
√
5
pi (3 cos
2 θ′n − 1). The
Hartmann-Hann resonant condition is given by ωE = ωS .
2. Transition probability
In first order in perturbation theory the transition probability is given byWij =
1
t
〈
| ∫ t0 〈i|H ′B(t′)|j〉eiωij t′dt′|2
〉
noise
we readily arrive [1]
Wij =
1
t
〈∫ t
0
∫ t
0
〈i|H ′B(t′)|j〉〈j|H ′B(t′)|i〉eiωij(t
′−t′′)dt′dt′′
〉
noise
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FIG. S1: Transition probabilities between the eigenstates of the spin operators.
=
1
t
∫ t
0
∫ t
0
〈
〈i|H ′B(t′)|j〉〈j|H ′B(t′)|i〉
〉
noise
eiωij(t
′−t′′)dt′dt′′,
(S5)
In principle this result is valid for short times as long as e−Wit ≪ 1, for longer times perturbation theory is invalid.
However, this result is still valid for longer times in the limit gτc/r
3 ≪ 1 and t ≫ τc, which is correct in the regime
of this work. In this regime and in the assumption of Gaussian noise we get two integrals which are connected by the
fluctuation dissipation theorem for which the imaginary part is just the power spectrum of the noise, or alternatively,
Wi(ωi) = αiRe[
∫ +∞
−∞
Gi(t
′)eiωit
′
dt′] = αiJ(ωi), (S6)
in which α0 = α2 =
3pig2 sin2 ϕ
10 , α1 =
3pig2 cos2 ϕ
5 , ω0 = ωE−ωS , ω2 = ωE+ωS and ω1 = ωS . All the related transitions
are presented in Fig. S1, in which |α1〉, |β1〉, |α2〉 and |β2〉 are the eigenstates of electron and nuclear spins. Gi(t′) is
the space-dependent time-correlation function for dipolar interaction between spins NV and proton, which is expressed
by
Gi(t
′) =
∫ ∫
NpP (~r0)P (~r0|~r1, t′)Y
i
2 (θ
0, φ0)Y i2 (θ
1, φ1)
r30r
3
1
d~r0d~r1,
in which i = 0, 1 and G2(t
′) = G0(t′). Here P (~r0) = 1/V with the volume V . P (~r0|~r1, t′) is the well-known solution
of the diffusion equation. As shown in Eq. (S6), the spectral density function is the real part of the Fourier-Laplace
transform of the corresponding time autocorrelation function. Consider the diffusion coefficient DT in the whole
space, one has [2, 3]
J(ω) = ΓRe
[
1 +
√
iξ
4
1 +
√
iξ +
4(
√
iξ)2
9 +
(
√
iξ)3
9
]
, (S7)
in which the coefficient Γ =
8np
27DT b
. Here np is the proton number density, DT is the translational diffusion coefficient
in hydrogel, b is the closest distance between NV center and protons, and
ξ =
ωb2
DT
= ωτc.
It is interesting to know, the principle part of this integral will induce a two body shift: (σz+1)(σz−1)+(σz−1)(σz+1),
which is proportional to the power spectrum of ωdiff and (σz + 1)(σz + 1) + (σz − 1)(σz − 1), which is proportional
to the power spectrum of ωsum. This term will create an energy shift if the NV which depends on the polarisation
which for high polarizations should be compensated by changing the drive.
A detailed balance between the populations in the different energy levels yields the steady-state polarization of
solvent nuclear spins as [1]
Ps = − W0 −W2
W0 + 2W1 +W2 +
1
T1
= − α0J(ω0)− α2J(ω2)
α0J(ω0) + 2α1J(ω1) + α2J(ω2) +
1
T1
, (S8)
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FIG. S2: Normalized spectra density function J(ω)/Γ with τc = 10 ns as a function of ξ for selected absorbing boundary, from
top to bottom referring to b = 5 nm, c = ∞ (red solid), 50 (blue dotted), 17 (green dashed) and 10 (black dot-dashed) nm.
Here we define ωE − ωS = ω0 and ωE + ωS = ω2.
in which T1 is relaxation time of the NV spins. By ignoring T1, we can achieve Equation (2) in the main text and
C0 = 2α1/α0. The rate of the polarization transfer is found to be given by
W = W0 −W2 = α0J(ω0)− α2J(ω2). (S9)
Notice that W0 and W2 are the transition rates of the flip-flop and flip-flip transitions, which are defined in the main
text, respectively. The polarization built up depends on the imbalance between spectra density functions J(ω0) and
J(ω2).
The rate equation for the polarization transfer is in the form [4]
d〈I〉
dt
= −〈I〉
T1
− Ne
Np
W 〈σ〉, (S10)
in which 〈σ〉 corresponding to the effective initial polarization of the electron spins. Therefore, when d〈I〉dt = 0, in the
stationary state, the formula for bulk nuclear spin polarization takes the approximate form,
Plim =
Ne
Np
WTp〈σ〉, (S11)
in which NeNp is the ratio of the number of the NV spin and protons, and for solid effect the effective polarization
which could be transferred to the nuclear spins is PC cosϕ with PC the optical polarization of the electron spin [5] by
continual optical pumping.
3. Connection to cooling
Polarization is strongly connected to cooling as in both cases the aim is to prepare the system in a defined state.
Thus, as the field of laser cooling is very advanced it is interesting to compare the presented theory with the theory
of laser cooling. Cooling is of atoms, ions [6–8] and mechanical oscillators [9, 10] is divided into two main regimes.
The unresolved limit, or Doppler cooling [11] and the resolved regime or sideband cooling [12–14] and more advanced
methods as dark state cooling [15–18]. In this work we point out for the first time the availability of the regime in
which the sideband are resolved for dynamical nuclear polarization.
In both cases the final temperature and the rate are derived from the power spectrum of the noise [19]. For laser
cooling the noise originates from the interaction of the atoms with the vacuum while in our case there are two sources
of noise. The first one is the noise due to the random feature of the interaction between the NV and the nuclear spins.
The second one is the vacuum which induces polarization via the lasers exactly as in the atomic version. In this work
we assume that the second one is less significant which means that NV decay time (T1) is longer than the decay time
induced by the interaction noise.
In our case we have derived directly the rates from the first order term in perturbation theory while for laser cooling
the noise and the auxiliary system are being adiabatically eliminated in order to derive a new Master equation for the
system alone. The same could be done here. The adiabatic elimination could be done in two stages. In the first stage
the noise should be eliminated to derive a Master equation of the nuclear spins and the NV. The adiabatic elimination
9could be done in the weak coupling limit and assuming Gaussian noise [20–22]. At the second stage the NV should
be eliminated. In case of no nuclear driving only the the Lindbladian terms and an energy shift survive.
Thus, the final results are readily derived from the power spectrum of the noise (Eq. (S7)), which could also be
written as:
J(ξ) = Γ
81
(
2ξ + 5
√
2
√
ξ + 8
)
8
(
4
√
2ξ5/2 + 27
√
2ξ3/2 + ξ3 + 16ξ2 + 81ξ + 81
√
2
√
ξ + 81
) . (S12)
The two interesting limits are derived in ξ → 0, which corresponds to the Doppler limit and the limit ξ ≫ 1 which
corresponds to the resolved sideband limit. In the resolved regime, the power spectrum is J(ξ)Γ =
81
4ξ2 + O
((
1
ξ
)5/2)
and thus the final occupation is 1 − 812ξ2 + O
((
1
ξ
)5/2)
, which deviates from full polarization with the scaling of
(
1
ω0τc
)2
. In comparison to atom or ion cooling in which the occupation behaves as
(
γ
ν
)2
, where ν is the trap
frequency which is analogous to ω0 and γ is the decay rate which is analogous to the correlation time. The analogy
between the correlation time and γ is due to the fact that γ sets the correlation time in the atomic case. It can be
seen that the same scaling is achieved up to the proportionality coefficient.
In the unresolved limit, i.e., the Doppler limit, the power spectrum behaves as 1 − 3
√
ξ
8
√
2
+ O
(
ξ3/2
)
and thus the
final occupation is 3
4
√
2
√
ωτc. Due to the
√
ξ scaling the effective temperature is not only a function of the decay rate
as is in the laser cooling case, but a function of the energy gap as well, meaning, the final temperature is
√
ω
τc
.
4. Restricted uniform diffusion with absorbing boundary
Here we isolate the contribution of the polarization transfer from the solvent spins located in the shell b < R < c, in
which c is the variable radial distance from the center of the nanodiamond. Therefore, assuming absorption boundary
condition at the radial distance c from the center of the nanodiamond, we can have
Jl(ξ) = Re
{ 2ns
ξ2DT b
[1− l3
3
− 3(1 + l
5)
ξ2
+
1
C2
(
6l3
ξ4
− 9C1
ξ3
− l
4C3
ξ
)
]}
, (S13)
in which
C1 = i2(ξ)k2(ξ/l)− k2(ξ)i2(ξ/l), (S14)
C2 = i
′
2(ξ)k2(ξ/l)− k′2(ξ)i2(ξ/l),
C3 = i
′
2(ξ)k
′
2(ξ/l)− k′2(ξ)i′2(ξ/l),
with l = b/c. Here i2(ξ) and k2(ξ) are the related modified spherical Bessel functions [3]. To elucidate the resulting
interplay of the molecular frequency and the spectrometer frequency, suppose b = 5 nm, we also show the complete
normalized frequency spectrum for selected absorbing boundary c =∞, 50, 17 and 10 nm, see Fig. S2. It’s also very
important to notice that, in the low frequency limit, the normalized spectra density has substantial contribution from
solvent spins far beyond the first hydration layer, which enhances the polarization transfer rate.
B. Optical nuclear spin polarization with nanodiamonds
1. Random orientations of the NV spins in nanodiamonds
Zero-field and external magnetic field distribution: In the laboratory frame the applied magnetic field defines the
z-axis, the NV is placed at the origin of the coordinate system. The Hamiltonian of the electron spin is then [23]
HNV = (γeB + δ(θ))Sz +D(θ)S
2
z (S15)
in which
D(θ) =
D(1 + 3 cos(2θ)) + 3E(1− cos(2θ))
4
, δ(θ) =
γeB|G1|2
(γeB)2 − [D(θ)]2 +
|G2|2
2γeB
, (S16)
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FIG. S3: a, Zero-field distribution D(θ) of the NV spins in nanodiamonds with D = (2π)2.87 GHz and E = (2π)20 MHz. b,
The second order corrections which induce a energy distribution δ(θ). c, The detuning distributions ∆′ = ǫ − ǫ0 vs the angle
deviations for ε0 = ǫ(90
◦) presented by the red dashed line and ǫ0 = ǫ(0
◦) by the blue solid line, respectively.
with G1 =
(D−E) sin θ cos θ√
2
, G2 =
D+3E+(E−D) cos 2θ
4 , zero-field splitting D = (2π)2.87 GHz and the local strain
E = (2π)20 MHz. Clearly, the random orientations of the NV centers cause a variation of the zero-field splitting D(θ)
across the entire interval [−(2π)1.43GHz, (2π)2.87GHz] and δ(θ) across the interval [0MHz, (2π)140MHz] as shown in
Fig. S3a and b, respectively.
Considering the ground state, the states ms = 0 and ms = −1 manifold form a two-level system, a microwave
(MW) field of frequency ωM is applied as a drive of the spin transitions | − 1〉 ↔ |0〉, Hdri = ΩMSx cosωM t (ΩM is
the Rabi frequency of the driving field and ωM is its frequency). Working in a frame that rotates with the microwave
frequency ωM , we find
H =
Ω
2
(|0〉〈−1|+ | − 1〉〈0|) + ǫ(θ)| − 1〉〈−1|+ (| − 1〉〈−1|) ·A · ~I + γnBIz , (S17)
The detuning is given by ǫ(θ) = D(θ) − γeB − δ(θ) + ωM , and Ω = ΩM/
√
2. Representing the system with the
electronic dressed states |±〉 = 1√
2
(| − 1〉 ± |0〉) and defining the Pauli operator as σz = 12 (|+〉〈+| − |−〉〈−|), σx =
1
2 (|+〉〈−|+ |−〉〈+|), then the polarisation transfer dynamics is described by
Htrans = Ωσz + ǫσx + ωSIz′ + az′σzIz′ + ax′σxIx′ . (S18)
Here ωS = γn ~B − ~A, And we can rewrite this Hamiltonian as Equation (S4).
Optical initialization: A randomly oriented nanodiamond ensemble concerns the optical polarisation of electron
spins of the NV center. For bulk diamonds, the magnetic field can be aligned with the principal axis of the NV center
and the electronic spin of the NV center can be optically polarised to the state |ms = 0〉 by illumination with a 532
nm green laser. However, although in the laboratory frame of reference a strong magnetic field is applied along the
z-direction, γeBz ≫ D, for an ensemble of randomly oriented nanodiamonds, the NV centers will be optically pumped
to the state |ms = 0〉θ that is defined by the relative orientation of the NV center with respect to the externally applied
magnetic field which defines the laboratory frame [23]. Here the misalignment angle between the NV-axis and the
magnetic field is θ.
As discussed in Ref. [23], we have two coordinate systems which can be transformed into each other and, employing
of Szθ = cos θSz − sin θ(cosφSx − sinφSy), we can express the eigenstate |ms = 0〉θ, i.e. in the lab frame,
|ms = 0〉θ = cos θ|0〉+ sin θ√
2
(eiφ|+ 1〉 − e−iφ| − 1〉). (S19)
If θ is large, the eigenstate |0〉 of the NV center in the laboratory frame differs significantly from the zero-field
eigenstate |0〉θ of the NV center. Hence optical initialisation of randomly oriented NV centers lead to very different
states depending on the orientation of the NV center.
Notice that for small misalignment between the NV center and external magnetic field, the initialisation of the NV
center is well approximated to |0〉. Indeed, for θ < 10◦, we can arrive significant polarisation of the electron spins
along the quantisation axis defined by the external magnetic field PNV ≃ 1. For θ ∈ [80◦, 100◦], the population in
state |0〉 is very small and the initial state is well approximated by 1√
2
(eiφ|+1〉−e−iφ|−1〉). In the subspace spanned
by the states {|0〉, | − 1〉}, the NV spin is well-polarized in state | − 1〉 with polarization PNV ≃ 0.5. So consider a
continual optical pumping, it’s reasonable to have the initial polarization of the NV spin PC ≃ 0.25.
Detuning from the resonance: MW field is applied to have ǫ0 = Ω = (2π)8
√
2 MHz which matches the resonant
condition ωS = ωE = (2π)16 MHz. Since high polarization is achieved for θ < 10
◦ and θ ∈ [80◦, 100◦], assume two
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FIG. S4: The ratio of polarization transfer with and without eccentricity vs the distance from the center of the nanodiamond.
The red dashed and blue solid line show the dependence of comparison of the polarization built up for ωS = (2π)16 MHz,
∆0 = Ω = (2π)8
√
2 MHz, and ∆′ = 0 and ∆′ = (2π)10 MHz, respectively.
resonant points with ǫ0 = ǫ(0
◦) or ǫ0 = ǫ(90◦), we calculate the detuning from the resonance which is defined as
∆′ = ǫ(θ)− ǫ0 and varies with the angle deviation from 0◦ and 90◦, respectively. As shown in Fig. S3c, if the angle
deviation ∆θ ∼ 4◦, this detuning reaches (2π)20 MHz both for θ < 10◦ and θ ∈ [80◦, 100◦].
2. Off-center effect
It’s quite normal when the NV spin is not located in the center of the nanodiamond, so we intend to discuss the
polarization transfer under the off-center effect. Suppose a NV center is located off-center and its distance from the
center of the nanodiamond is ρ. Consider a series expansion in terms of the eccentricity parameters, we can include
the off-center effect in the spectra density function which is given by [24]
JO(ξ) = [J(ξ)] × [(1 + 1
6
∞∑
L=1
(L+ 1)(L+ 2)(2L+ 3)ρ2L
Re[JL+2(ξ)]
J(ξ)
], (S20)
where
JL+2(ξ) = Re[
2ns
iξDT b
{ 1
2L− 1 −
L+ 1
iξ
[1 +
(L+ 1)KL+1/2(
√
iξ)√
iξKL−1/2(
√
iξ)
]−1}], (S21)
with a modified Bessel function Kµ(
√
iξ). Thus the rate of polarization transfer including off-center effect is given
by WO =WO0 −WO2 = α0(JO(ω0)− JO(ω2)). Fig. S4 illustrates the dependence of the polarization built-up on the
eccentricity of the NV center. One can find that polarization built up only is enhanced by factor 1.7 (∆′ = 0 MHz)
or 2.4 (∆′ = (2π)10 MHz). It is manifested that the polarization transfer is benefited by the eccentricity due to the
reduced distance between the NV and the neighboring nuclear spins, but this enhancement is not significant. The
possible main reason is the long range nature of the spectral density function, which includes contributions from a
large amount of the distant solvent spins.
3. Optical penetration depth
There are two main limitations on the penetration depth when applying optical irradiation to the polarisation
structure of the hydrogel containing imobilized diamond: scattering due to nanodiamonds and optical absorption
(mainly by NV centre spins). Taking into account the optical cross section of the NV centres and the relatively low
NV concentration in this setup we expect the optical penetration depth by the NVs to be a little larger than 1 mm.
The optical scattering due to nanodiamonds could become an issue which limits the total penetration depth. As
the nanodiamond size is small compared to the optical wavelength, but not negligibly so, we use Mie scattering to
calculate the optical transmission through our setup (taking into account only the scattering from the nanodiamonds).
It can be seen that the optical penetration decreases sharply with the nanodiamond radius, see Fig. S5. However, for
the ND size of interest b = 5 nm, the scattering from NDs in 1 mm is almost negligible.
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FIG. S5: The optical transmission through our setup dependence on the nanodiamond radius, taking into account Mie scattering
from the nanodiamonds. We assume 1 mm thickness and 12% ND concentration. The black solid and green dashed lines
correspond to a refractive index of the medium in between the nanodiamonds of water and air respectively.
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